DIFFERENTIATION RULES

d R N gl 7= i R oy NS
() +a@) = ) +EW —-(Cf(x)) = cf () | L (reg0) = £ g0 + F@E)
d 1 ! ' ¢ d
(f(x)) _f'® d (fgg) g f/() — fDEE ’f(g(x)) _ f,(g(x))g,(x)
(ro) § ()’
ELEMENTARY DERIVATIVES
it w E= 2[ &
d ’ d ’ d 1
— =" —at = — = — 0
d;e e dxa a“lna (a>0) dxlnx T (x>0)
s e  diny a - 2.
Ed; sinx = cosx e cosx = —sinx Tx tanx = sec” x
—_ " - . oy - —_— = — 2
;i; secx = secxtanx ax csCx = — CSCX COtX Tx cotx cseTx
Zsinlx= ! 4 tan~lx = ! -d—'lxl = sgnx = X
dx J1— 22 dx 14+ x2 dx Jxl
TRIGONOMETRIC IDENTITIES
sin? x +cos?x = 1 sin(—x) = —sinx - cos(—x) =cosx
sec?x =1+ tan? x sin(r — x) =sinx cos(m — x) = —COsSX
2.4
esc?x = 1+ cot x sin (j—; - x) =CcOSX cos (5 — x> =sinx
in(x £ y) =sinx » + cos x sin (x £ y) = cosx cos sinxsiny tan(x =+ )*—“Q‘B—x—-jitﬂl
sin(x & y) = sinx cosy - cosx sy cos(x £ y) = cosxcosy F y y) = [ tanx tany
sin2x = 2sinx cosx »2 1 — cos2x 2 14 cos2x
sin“x = ——— costx = ———
cost:2coszx—1=1—25in2x 2 2

QUADRATIC FORMULA

—B+/B2—4AC
It Ax>+Bx+C=0, then x=——-—>—

GEOMETRIC FORMULAS
Rectangle Parallelogram Triangles
n
A = area, :
b = base, b :
h = height, _ _ S
C = circumfer- A = bh bh A= 3bh
ence, V = vol-
e ’ Trapezoid Circl Circular Cylind Sph
S = Surface area rapezol 1IC1e ircular Cylinger phere
A =401+ b)h he? C=2pr V=Ah=mrth, S=Ch=2nrhy = 3w, S = 4y
. ' (cylindrical wall)
Prism ) Circular Cone Pyramid

V = Ah V=1Ah= Lar?h, S = wr/1Z + hZ (conical wall) V= LAh




VECTOR IDENTITIES
1f o= mi+uj +usk then (dot product) UeV==uv +uyvy +
i j k
uy My U3
vy vz V3

v = v1i -+ v2j + v3k

W = wii -+ waj + wak (cross product) uUxXv=

» 24,20 ,2
length of u = Ju| = Ve u = Juj+uj+uz

triple product identities

IDENTITIES INVOLVING GRADIENT, DIVERGENCE, CURL, AND LAPLACIAN

zi3v3

= (uqv3 —u3v)i+ (uavy — uyv3)j + (u1v2 — uav1)k

e (VXW =ve(WXu)=we (uXV)

[uf}v]

u X (VXW) =

uev
angle betweenn and v = cos™! (»-—)

(Uew)v— (uev)w

V= 33 +j 5?_ +k6i (“del” or “nabla” operator) Fx,y,2) = i(x, 5,91 + B, 5,.2] + Bk, y, 9k
y o
¢ . d¢ . - AF, 3F, 0K
Vé(x,y,2) =grad ¢ (x, y,2) = —l+ a—J+a—k VeF(x,y,2) =divF(x,y,z) = ot o + e
i j k
V xF(x,y,z) =curl F(x, y,z) = 5%— (7% 3‘%
FI B R
~ (2B 3R\, (3R B, (3B 3R
—<6y 3z )l+<8z 3x>‘]+(3x 3y>k
V(g¥) = ¢V + ¥V Vo(FXG)=(VxFeG-—Fo(VxG)
Vo(gF)=(Vp)eF+¢(VeF) i VX EXG=FVeG)~G(VeF)—(FeV)G+(GeV)F
V x (¢F) = (Vg) x F+ ¢ (V x F) VEFeG) =Fx (VXG +Gx(VXE)+FeV)G+(GeV)F
Vx((Vd)y=0 (curlgrad = 0) Ve(VXF)=0 (div curl = 0)
2 2¢ ¢ | ¢ . 2 . ,
Vg(x,y,2) =VeVo(x,y,z) =divgrad¢ = 3t 3572 s+ o3 92 ; VXx(VxF)=V(VeF)-V*F (carl curl = grad div — laplacian)
z
VERSIONS OF THE F'UNDAMENTAL THEOREM OF CALCULUS
b
f Flydt = fb) ~ f(a) (the one-dimensional Fundamental Theorem)
f grad ¢ o dr = qb(r(b)) - ¢(r(a)) if C is the curve r = r(r), (a < ¢ < b).
c
F, oF . g , .
/ / (& = —) dA = }5 Fedr = ?g Fi(x, y)dx + F2(x, y)dy where C is the positively oriented boundary of R (Green’s Theorem)
c c -

// curlF e NdS = _()& Fedr = 55 Fi(x,y,2)dx + Fy(x, y,2)dy + F3(x, y, z) dz where C is the oriented boundary of S. (Stokes’s Theorem)
s c c

Three-dimensional versions: S is the closed Boundary of D, with outward normal N

f / / divFdv = # FeNdS  Divergence Theorem
D s

/ngrad¢_dV = #qu&ds

FORMULAS RELATING TO CURVES IN 3-SPACE

/[/ curleV:—-#‘FdeS
D s

d -

Curve: r =r(r) = x(i+y@®)j+z(0k Velocity: v = d—: =T
1 . d d2 .
Arc length: s = f vdt Acceleration: a = a@_ —;

fo dr dt
Unit tangent: T = Y Binormal: B = yxa
v " lvxoal
v x aj

. . 1
Curvature: ¢ = Radius of curvature: p = —
K

3

d - dN - ~ d
The Frenet-Serret formulas: o= &N, i —xT + B, e —tN

S 5 s

Speed: v =|v] =

dv -
Tangential and normal components: a = ET-{- vieN

Normal: N =

Torsion: v =

ds
dt

dtydr

ﬁ X 'i' = N
1dT/dr|

(v x a) o (da/dr)

v x aj?



ORTHOGONAL CURVILINEAR COORDINATES

transformation: x = x(u, v, w), y= y(u,o, w), z=z
or or or
scale factors: h, = [—|, h, =|—|, hy=|—
ou ow

volume element: dV = h,hyhy, dudo dw

scalar field: f(u, v, w)

(1,0, )

position vector: r = x (i, v, w)i + y(u, v, w)j + z(u, v, w)k

1 or " 1 or R 1 or
local basis: i= -———, ¥=-=2— W=

hy du’ hy, dv’ E%

vector field: F(u, v, w) = F,(u, v, w)i + F, (u, v, W)+ Fy, (1, v, w)W

Lof, 1of, 1o _ 1 ) o/
tVf= d  VeF= - _ (th) — (et F) —(huhoFy)
gradient: V.f = hy ou +h,, 61) Ry aww fvergence: Ve hyhyhy | Ou o " +60 Heltw Ty ) + 6w( o bw
it hy% bW
1
2 1 hyhy, of n 0 h,,lzwa_f. 4 8 (huhy of curl: V x F — Kl 0 K
h,,h,,hw ou hy, ou oo\ h, ov dw\ hy, ow hyhohy | 6u dv ow
Fuhy  Fyhy  Fuhy,
PLANE POLAR COORDINATES
transformation: x =rcosf, y=rsind position vector: r = rcos@ i+ rsindj
r or LA . s e A < e .
scale factors: h, = !6— =1, hg= !£’ =r local basis: = cos6i + sin 6j, 0 = —sin6i + cos 4j
. :

area element: dA = r dr d@

scalar field: f(r, 8)

. of so ! 5f a
dient: V - ==
gradien f= r —|— e 9
82 18
laplacian: V2 f = f — 4 = . 6{ + = " W

CYLINDRICAL COORDINATES

vector field: F(r, 6) = F.(r, 0)f + Fp(r, 9)6

. oF 1 18F
VeF=—"4 g 4+22°¢
divergence: V o o + ; + ;50
0Fg Fy 1 08F,
LVXF= —— -
eur * [ or + ror 86 ]

transformation: x = r cos 8, y=rsinf, z=z

or

scale factors: h, =

volume element: dV = r dr df dz
scalar field: f(r, 9, z)

17} 1
gradient: V f = —ff 6f éf«k
or 0z

or or
=1, hg=|—|=r h=1%=q
P A !aa! ho ‘Bz,

position vector: r = rcos @i+ rsinf j + zk

~

local basis: ¥ = cos@i +sinfj, 6= —sini+ cosbj, Z=k

surfacelarea element (onr = a): dS = adfdz

vector field: ¥(r, 6, z) = F,(r, 0, ) + Fo(r, 0, )8 + F,(r, 0, 2)k

OF, 1 1 8F; oF,
divergence: VoF— Ly 2200 O
r r 06
r ré k
1
curtk VxF=- s 9 2
rio 88 oz
F, rFy F,

69
) a?f lof | 12°f &f
V2
laplacian: V “ f = 5z + -~ T + = 7507 5z
SPHERICAL COORDINATES _
transformation: x = p sin¢ cos 4, y=psingsing, z=pcos¢
a 17

scale factors: h, = é =1, hg = % =p, hp= !é_; = psing

local basis: § = sin¢ cos@ i+ singhsin@j -+ cos ok,
volume element: dV = p?sin ¢dpdd do

scalar field: f(p, ¢, 6)

gradient: V f = 6f f) -+ l of & 1 §£ H
p op psing 86
2
laplacian: V2 f = o of + 20f  1of  cotg of
T pap progE | 2 £y

(f) =cos¢pcosfi+ cosgsindj—singk,

1 8%y

p2sin? ¢ 902

position vector: r = p sin ¢ cos 01 + p sin ¢ sin 8]+ pcosgk

b= —singi +cosfj
surface area element (on p = a): dS = a2 sin ¢dbdeo

vector field: F(p, ¢, 6) = F,(p, ¢, 0)p + Fy(p, $,0)$ + Fa(p, ¢, 0)b

oF, 2 1 oF, t 1 OF
divergence: Ve F= —£ 1 = Fy+— e + cotd F, — il
p o p p 9 P psing 06
b pd  psingh
5] a 7]

cur: V x F =

pPsing | ap a4 a6
Fy pFy psingFp




INTEGRATION RULES _
/(Af(x) 4+ Bg(x)ydx = A/f(_\') dx + B / g(x)dx

/ £ ¢/ () dx = fg() +C
/U(,\‘) dV(x) =Ux) V(x) — / V{x) dU(x)

b
/ Py ds = ) — f(@)
d X
< f Fydt = F)

ELEMENTARY INTEGRALS _ _  — ——
¥ dx = Loty #—1
r+1

dx
/T=1f!lxl+c

fdx=e"+C
X
atdx = a +C
Ina
sinxdx = —cosx +C

cosxdx =sinx +C
sec?xdx =tanx +C

csc? x dx = —cotx +C

e, e e T T

secxtanx dx = secx + C
cscxcotxdx = —cscx +C
tanx dx =In}secx| + C
cotxdx = In}sinx} + C
secxdx =In|secx +tanx}+ C

cscxdx =Infesex — cotx|+C

dx X c !
————m~—81n Z+ (@a>0, Ixl<a)
dx _1t R 0
az+.\;2_aEm a+ @>0)

dx 1 x+a

= —1

a2 2a n T a +C (a>0)

dx

e, S, S, S, e, e e T T T

=

b
[~
|

2
ES

1 "
:—sec“lii}—i—C @>0, |x] > )
a a

TRIGONOMETRIC INTEGRALS

¢ 1
/coszxa’x = %+Zsin2x+c
tan? x dx = tanx —x + C
cottxdx = —cotx —x +C

1 1
sec® xdx = 3 secxtanx + Elnisecx +tanx| + C

s S

1 1
csc xdx = ~§cscx cotx + =Injescx —cotxj+C
in(a—b in{a -+ b)) .
sinax sinbx dx = ig’—g—_—l);—x - % yCifa? £b2
sinfa — b i b)x
cosax cosbxdx = % inzl-—éz-}l% +Cifa* # v
—b)x b )
sinax cosbx dx = _% - S%Sg:—i_—b))—x 1+ Cifa® # »?
1 -1
sin" x dx = ——sin" 1 x cosx -+ BT s 2xdx
n n

1 _ R n—1 _
cos" x dx = —cos” Ly sinx + cos" 2 xdx
n n

S, S, S, S,

1 .
tan” x dx = N tan" ! x — f tan 2 xdxifn # 1
_1 )
cot" xdx = 1 cot" tx — f cot" Zxdxifn#1
1 n—2 R
sec” xdx = sec” 2 x tanx + — [ sec’ Zxdxifn #£ 1
-1 n—1
n—2 .
csc" xdx = ! esc2x cotx + ] /csc”‘zx dxifn#1
n— n-—

san—1 m-+1
. sin ™ x cos' x n-—1 Lo .
sinfx cos™ xdx = ————————— t sin" 2x cos™ xdx if n # —m

n+m n+m
: 1., m—1
. ginftlx cos"tx m—1 . B .
sifx cos® xdx = ———————— + sin x cos™ 2 xdx ifm % —n
n+m n+m
x sinxdx =sinx —x cosx +C
x cosxdx = cosx +x sinx +C
X" sinxdx = —x" cosx +n /x”_l cosx dx

x" cosxdx =x" sinx —n f x*Ysinx dx

i




INTEGRALS INVOLVING Vx2 £ 42 (a > 0)
(If Vx2 — a2, assume x > a > 0.)

. 2 R
/\/xziazdx:% xz:lzazzi:%lnlx—i—\/xz Ta?|+C

d 5
/«/%Zln[l"f* xzﬂza2|+C

X a

-2 2 2 2
/L I gy =V a —am| T ¢

/%2 VaZ=a? _1«/x2-a
=+/x?2 - g2 —atan +C
/ \/Aziazdx-‘—(Zx ﬁ:az)\/xzzi:az——ln]x+\,/x2ia2l+C
\/xz:l:a2 —ln,x+\/x2ia2+C
f\/xzzi:a + ! I
Vx2 £a? Vx2 £ a?
/ tx?- gy =— *x T o mpx+VaiEa?|+C

f dx . x2ta +c
22 ta? * a’x

dx _ +x +C

(x2+a2)32 7 2. /2 1 42

3 4
f(x2 + a2 dx = %(2x2 +5a)Vx2 ta + % lnjx + Va2 +a?|+C

INTEGRALS INVOLVING Va2 —x* (a >0, x| <a)
2
fVaz —x%dx = %x/az—xz-!— %sin“lg +C

fa2 — x2 /a2 — y2
./‘__.[.l_;_idx:/az_x2_alna_j___a—,_f_+c
x

2
/ﬁd}c——;—cvaz—xz—}— sin™ "-+C
/)52\/112 —x2dx = %(2x2 —a®)Wa? —x2 + gsin~1£ +C

a
/‘ dx a? — x?
) - +C
xzq/ -—x azx
VJa? — x? «/ X
= - sin —+C
/‘ _ 1 a—l—\/aZ—A +C
x«/a2~x2 T oa x
dx x
+C

(@ =232 7 g2 a? =52

‘ 3q4
/(a2 — 224y = %(5a2 — )W — 2+ % sin1Z 4 ¢
a |

INTEGRALS OF INVERSE TRIGONOMETRIC FUNCTIONS ____
/sin“‘x dr =xsin"lx+/1-x24+C

tan~lx dx = xtan~lx — -21-1n(1 +xH+C

sec txdy = xsec™lx — Injx+v/x2-1]4+C (x>1)

. 1 :
xsin~lxdx = Z(sz ~ Dsin~tx + %\/1 —-x24C

/
/
/

1
xtan~lxdx = E(xz + 1)tan_1x — % +C

.2 i
xsec lxdx = %sec'lx - E\/x2 —-14+C (x>1)

. n+1 . 1 xn+1 " .
Teinixdx = n ‘x———— —d Ci -
x"sin"*xdx n+lsm x Y N x+ n
. xn+1 . 1 xn+1
n - : — tan” ‘' x— —— d. Cif -1
x.tan xdx 'H_lan X o 1+ —— dx+ n#
xn+1 1

cly——— dx+C n#-1,x>

n—{-lSe n+1 1/

x"seclxdx =

S, S, S, S S

EXPONENTIAL AND LOGARITHMIC INTEGRALS _____
xefdx=(x~—~1De*+C

/x”e" dx = x"ée* —nfx"”lex dx

Inxdx=xlnx—-x+C

R xn+1 xn+1 c |
fx lnxdxzn_*_llnx—( +1)2+ s (n;é.— )

M (nx)" dx = xr ( O ———— | X)) T dx (n £ 1)
’ T a1 n+1 »

ax
/e‘” sinbxdx = %ﬁ(a sinbx — b cosbx) + C
a

ax

f e cosbxdx = 28 7 (a cosbx + b sinbx) + C
a

INTEGRALS OF HYPERBOLIC FUNCTIONS
/sinhxdx =coshx +C

coshxdx = sinhx 4+ C
tanhx dx = In(coshx) + C
cothx dx = In|sinhx| 4 C
sechx dx = 2tan~(e¥) + C
cschxdx =In ltanh%l +C
1 "
sinh? x dx =  sinh2x — % +C
2 1 . x
cosh“xdx = —sinh2x + -+ C
_ 4 2
tanh?x dx = x ~— tanhx + C
coth?x dx = x — cothx + C
sech’x dx = tanhx + C
csch’x dx = —cothx + C
sechx tanhx dx = —sechx + C

cschx cothx dx = —cschx + C




MISCELLANEOUS ALGEBRAIC INTEGRALS

) b
/x(ax +boy ldx= I ~Inlax + b+ C
a a

1 b
fx(ax +0)2dx == [m[m + b + ﬁ] +C

(a)c+b)”+l ax+b b
. - b Ild — —_
/,\(ax—}— )" dx - a2 n-+2 n+1

f 7 N ——" —

(@£ x2) 7 2a2(n ~ 1y \ (a2 + x2)»-1 " / @x2y-1) 0" #
5 .

/x«/ax +bdx = 77 (3ax = 2W)(ax + b+ cC

2
[ wBas = L (a0 - [ e
a(2n +3)
dx 2
rax = 3 lax ~2W)Vax +b+C
a

)-!—Cif)z;é—l, -2

Jax +b
x"dx 2 N /' xl )
= Vax Fb—nb | —— dx

J—ax+b a<2n+ ) (x B BV
/ Vaxtb=bl ey

x+/ax +b f Vax+5+b

/ax +b

———— = +Cifb <0

./‘x«/ax +b «/ no=
dx B Jax+b (2n —3)a / dx . !
darib  bmn-Dv Tl Ga—2b) wijaxgs "7

. 2 —
/VZax —~x2dx = lTﬂ\/an —-x% 4 £;—six'l"xT~}-C (a > 0)

P . gXx—a
m:sm T-!—C (a>0)
. n—1 dax — x2 3/2 2 1
//\"’«/Zax—ﬂalx:—l (Gax =) (n+ )a[ L 2ax — x2dx
. n+2 n42 .
x"dx aT 2n - Da x"tdx

A Y frar—x2

V2ax — x? n ot n V2ax — 22

[2ax — x2 —
fl——)f—dx: 2ax—x2+asin~1f—‘1+c (a>0)

X
2ax — x2 (2ax — ).2)3/2 n— m
f 3 - 2n)ax” (2)1 - 3)a /
dx _ V2ax = x2 n—1
i 2ax ¢ a(—anw | @n—Da / - lm

[(\/Zax —xH)'dx = —(\/2ax — x2)" 4 +1 /(\,/QGX — x2Y" 2 dx if n 5 —1

xn-1

dx n—3 dx
- 2 Y ll if 2
/ a0 A g [

(V2ax — x2)»

DEFINITE INTEGRALS

e tdx=n!(n>=0)

o
f e gy ——ﬁa>0
0 a

«° 1
/ xe ™ dy = —ifa>0
2a

<

o _n—1 *® 2
/ ylem dx f 2 dxifa>0, n>2
0

2a
(n — 1)

<

L e .
if n is an even integer and n > 2

(n - 1)
7

3.5.
/2 /2 —
f sin” xa',x_/ cos” xdx = 2:4:6- 2
0 ) 4.6
3.5.

if n is an odd integer and n = 3




